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Abstract 

 In the presence of polarization mode dispersion (PMD) in single mode fiber, the degree of polarization (DOP) are 
affected randomly depending on the amount of PMD and the initial pulse width. In this paper, we are derived a novel 
analytical expression of the DOP that may be used to expect the reconstructed polarization for a single section. Thereafter, 
this expression was generalized for any number of concatenation sections in order to cover the randomness of the local 
variations of the direction and value of the PMD vector.  
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1. Introduction  

     Polarization mode dispersion (PMD) is 

caused by optical birefringence and is a 

fundamental property of single-mode optical 

fiber and fiber-optic components in which signal 

energy at a wavelength is resolved into two 

orthogonal polarization modes of slightly 

different propagation velocities [1].  

      PMD  results in pulse broadening and 

distortion thereby leading to system 

performance degradation.  Unlike the chromatic 

dispersion, PMD varies stochastically in time 

making it particularly difficult to assess, counter 

or cope with [2,3]. Active research is being 

conducted by different groups on different 

issues of PMD for more than a decade. The 

objective of the PMD research is to understand 

the stochastic nature of PMD thoroughly 

through analytical analysis, simulations and/or 

analysis of measured data and determine an 

efficient means for mitigating PMD effects on 

long-haul fiber networks. To ensure signal 

quality on their fiber at higher rates, network 

engineers must anticipate the impact of PMD on 

various fiber routes [4,5].  

      Design of a reliable network requires a good 

model of the PMD  characteristics on each link. 

An understanding of the temporal and spectral 

variability of both the differential group delay 

(DGD) and principal states of polarization 

(PSPs) is required to specify appropriate 

transmission parameters and also the required 

speed of PMD compensators [1,3]. Factors such 

as the mean DGD, PMD correlation time and 
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bandwidth, as well as second-order effects 

together with performance prediction models 

can provide  this understanding. Also, a solid 

understanding of PMD-induced system outages 

will help engineers and researchers to develop 

new and cost-efficient mitigation alternatives to 

PMD compensators [4]. Another recently 

developed PMD monitoring technique is based 

on the degree of polarization (DOP) of the 

received optical signal. PMD can depolarize the 

optical signal [5,6]. This in turn reduces the 

DOP. The merits of using DOP evaluation in the 

PMD monitoring mechanism are several in 

number. DOP is bit-rate independent and largely 

modulation format independent. To a good 

extent, techniques based on DOP evaluation 

reduce hardware complexity [7].  

      Unfortunately, PMD effect is one of critical 

challenges in next-generation microwave fiber 

links after the successful mitigation of 

chromatic dispersion. Due to the PMD in fiber 

caused by DGD between two input PSPs 

traveling through the fiber, the power of 

microwave signal fades periodically at receiver, 

which leads to bit error ratio (BER) increasing 

[2,4]. It is necessary to achieve better 

transmission by compensating the PMD of 

optical fiber. Furthermore, due to environmental 

variations, such as temperature, vibration, and 

stress, both DGD and PMD drift randomly with 

time [6]. Recently, a technique using the DOP 

of received signal as the feedback signal has 

been demonstrated. It is promising in 

compensation the PMD of systems, since no any 

high-speed electrical circuits are required and 

independent to the bit rate [6,7]. Due to 

existence of PMD in optical communication 

link, the DOP of optical signal will degrade 

even if the input one is completely polarized, 

since each frequency component of input signal 

experiences different evolution of polarization 

state. Therefore, the DOP can be used as 

feedback control signal for PMD compensation 

[8]. 

 

2. Theoretical Modeling for Single Section  

Consider a generic input field 

>= sTATA inin |)()(


 where )(TAin  represents 

the field complex amplitude, and >s|  

represents the input Jones polarization vector, 

which depends on the azimuth θ  and the 

ellipticity η  of the input SOP. Mathematically, 

the SOP is defined as [9] 

 

 

The corresponding SOP vector in Stokes space 

will be [10] 
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Since different frequency components of the 

input broadband signal will undergo different 

polarizations evaluation when they propagate 

through the fiber, the signal DOP will degrade. 

Consequently, the weighted average of the 

Stokes vector is necessary, which calculated by 

multiplication the normalized spectral intensity 

function  22 |)(||)(| wAwf in=  and integrating 

over w . The DOP will be [5]  

 

 

The input SOP does not depend on the 

frequency, such that the DOP of the input field 

will be 1, but the output SOP form optical fiber 

with PMD is a function of frequency such that 

we are expected to be the DOP < 1.  

The matrix )(wTPMD  is responsible for 

PMD effects, which is a 22×  unitary matrix 

that is defined as [10] 

 

 

where rw ˆ )( ττ =
  is the PMD vector, 

ττ =|)(| w  is the DGD between the PSPs, r̂   

represents the direction of slow PSP, where the 

parameters r̂  and τ  are random, and 

),,( 321 σσσσ =
  is the vector of Pauli spin 

matrices which can be defined as [7] 

   

 

 

 

Here 332211 στστστστ ++=⋅
   is a 22×  

matrix. Eq.(4) may be reformed as 

 

 

where C  and S  represent )2/cos( τw  and 

)2/sin( τw , respectively, and 3,2,1  , =iri   are 

the components of r̂ . Now, the output Jones 

vector after the PMD elements will be 

 

 

 

Typically, the normalized Gaussian pulse with 

initial width 0T  has the Fourier transform  

 

 

The Stokes parameters of the output field are 

averaged in the whole signal frequency domain, 

then 

 

 

 

 

 

 

 

 

Now, it is very easy to prove that 
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Substituting Eqs.(7) and (8) into (9) and using 

(10), we obtain 
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Note that, 3,2,1 ,  )ˆˆ( =× iSr i  are the 

components of the vector Sr ˆˆ × , and ψ  is the 

angle between S


  and r̂ . Eq.(11) may be 

rewritten in the reduced form 

 

 

where )4/exp( 2
0

2 Tτγ −=   

and  i=1,2,3. The substitution of Eq.(12) into (3) 

will yield 

 

It is important to note that the DOP is a function 

of an angle between the PSP vector and the 

input SOP vector. That is, if S


 is parallel to 

r̂± , then the DOP will not be affected, while 

the orthogonality between S


 and r̂±  will 

obtain the worst case 1<= γDOP . Note 

that, in the real system 4/0T≤τ , such that the 

worst case is 0.969232/1 == −eDOP . 

Theoretically, 19692.0 ≤≤ DOP  are expected  

depending on the initial pulse width, DGD, and 

the input SOP.  

 

3. Generalization the Result 

The above management may be generalized 

for any N concatenation sections to obtain  

 

 

where j  represents the section number and 

)ˆˆ(cos 1
-1

−⋅= jjj Srψ . The vectors jr̂  and the 

DGD jτ , Nj ,..,2,1=  are randomly generated 

at each section. The input SOP vector  0Ŝ  are 

used to generate the next SOP using the 

recursive formula 1
ˆˆ

−= jPMDjj STS . After each 

section, the width of output Gaussian pulse are 

determined in order to find its width, i.e. ojT . 

This width may be found recessively using the 

relation [11] 

(15)                     sin
2

2

2
100 








+= − j

j
jj TT ψ

τ
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general,  
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(16)              sincos 22
jjjjDOP ψγψ +=  

where 
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and 00 =τ  and 00 =θ .  

        Eq.(16) is considered as the main 

conclusion of this paper. To our best knowledge, 

there are many published studies [12-15] related 

to the theoretical treatment of the signal DOP in 

presence of PMD, which are introduced many 

forms of the DOP, but all these forms may be 

considered as a partial form of Eq.(16) above.   
 

4. Results and Discussion  

The above managements are carried as 

follows to simulate the optical fiber with PMD 

using N concatenation model that may explain 

the behavior of DOP: 1) The random parameters 

1τ  and 1̂r  are generated randomly. In turn, 

)ˆ(cos 10
1

1 rS ⋅= −


ψ  will be computed and the 

next SOP 011 STS PMD


=  will be found, where 

1PMDT  represents the average over the whole 

signal frequency domain, 2) The width of the 

resulted pulse 01T  and the resulted 1DOP  will 

be determined using Eqs.(15) and (16), 

respectively, 3) The processes at (1) and (2) are 

repeated for the second, third,.. etc sections, and 

4) The above steps are repeated over  many 

fibers to explain the accurate distribution of 

DOP. 

      Fig.(1) illustrates the random variation of 

DOP along the fiber for different values of 

PMD parameter. It is clear that the DOP will be 

1 for 0=pD , the increasing of pD  will 

change randomly below the value 1. The 

amount of variation will be more for larger 

value of pD . The reason for this behavior is 

attributed to the non coincidence between the 

SOP and the local PMD vectors. Fig.(2) 

illustrates the random variation of DOP along 

the fiber for two values of  0T  parameter. The 

behavior explains the fact that the smaller 

signal 0T  has the larger randomness. This issue 

may be illustrated with respect to the relation 

between the pulse width in time and frequency 

domains. Fig.(3) presents the DOP as a function 

of DGD for different values of pulse width. It is 

very clear that the DOP is a decreasing function 

of DGD, where the amounts of lowering are 

controlled by 0T . The smaller 0T  corresponds 

to the more affected DOP since the smaller 0T  

means that the bandwidth of the frequency 

spectrum is the larger, hence the entire range of 

frequency is the larger. Figs.(5) and (6) 

illustrate the probability density function of the 

DOP using different values of 0T  and pD . It is 

clear that the distribution will be shifted to left 
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by increasing pD  and vice versa. On the other 

hand, the increasing of 0T  will limit the 

distributions a smaller range since the final 

distribution is calculated over the entire range 

of frequency.  

 
Fig.(1): Evaluation of DOP with no. of 
section for different values of pD  and 

psT 100 = .  
 

 
Fig.(2): Evaluation of DOP with no. of 
section for different values of 0T  and 

kmpsDp /1= . 

 
Fig.(3): DOP as a function of DGD for different 
input pulse widths.  
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Fig.(4): Pulse width with no. of section for 
different values of 0T  and kmpsDp /1= .  
 

 
Fig.(5): probability density function of DOP for 
different values of pD  and psT 100 = . 

 
Fig.(6): probability density function of DOP for 
different values of pD  and psT 200 = .  
 

5. Conclusions 

     As a conclusion, the present model is a very 

good method to expect the resulted DOP 

depending on the local PMD vectors and the 

initial pulse width, where the increasing of  

0/ TDp  will reduce/ raise the amount of 

variation of DOP and vice versa. 
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